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1.  Introduction 

The  classical  Nelson  inequality  [9] 

(1.1)  (( |x+spqy|P  +  |x-spqy|p)/2)1/p  <  ((|x+y|P  +  |x-y |p)/2) 1/p. 

1/2 

where  1  <  q  <  p  <  “,  x.y  e  IR,  and  sp  =  ( (q— 1 )/(p-l ) )  ,  and  its  extensions 

play  a  fundamental  role  in  the  theory  of  hypercontract ive  operators  [1,4,12], 
convolution  inequalities  [11],  logarithmic  Sobolev  inequalities  [4],  stochastic 
Ising  models  [5]  and  related  subjects  in  harmonic  analysis,  statistical 
mechanics  and  quantum  physics,  to  name  just  a  few  areas  of  great  importance 
nowadays . 

Some  more  sophisicated  counterparts  of  Nelson’s  inequality  were  recently 
applied  in  the  intensively  developing  theory  of  multiple  stochastic  integrals, 
random  multilinear  forms  and  stochastic  chaoses,  topics  originated  with  Wiener 
[13]  in  the  late  30's.  Using  some  properties  of  hypercon tract ive  operators. 
Bore  1 1  [2]  showed  that  all  p1^  norms,  p  >  2,  of  Hilbert  space  valued  polynomial 
chaoses  in  independent  random  variables  are  comparable,  generalizing  a  Fortiori 
classical  results  of  Marcinkiewicz ,  Paley  and  Zygmund  [8,10]. 

Furthermore,  this  concept  became  a  basic  part  of  a  construction  of  a 
stable  multiple  stochastic  integral  due  to  Krakowiak  and  Szulga  [7].  A  notion 
of  hypercontractive  random  variables  was  introduced  for  this  purpose,  having 
also  an  intrinsic  interest. 

Following  the  key  feature  of  the  Nelson  inequality,  a  random  variable  0  is 
called  hypercontrac t i ue  with  indices  p.q  >  0  in  a  normed  space  X  if  there 


exists  a  constant  s  such  that 


(1.2) 


(E{{||x  +  s0y | |p)1/p  <  (E | |x  +  0y||q)1/q 


for  all  x.y  t  X;  0  e  HC(p,q,X:  s)  in  short. 

For  example,  Borell's  extension  of  (1.1)  ([2])  says  that  for  a  Bernoulli 
random  variable  o  taking  the  value  +1  or  -1  with  probability  g-,  o  e 
HC ( p , q  , X ;  s  )  in  any  normed  space  X,  where  1  <  q  <  p  <  °°. 
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By  a  central  limit  theorem  argument,  a  symmetric  Gaussian  random  variable 
7  £  HC(p,q,X;  )  with  the  same  parameters  p.q  and  s^  ^  (cf.  also  Nelson 

[9]). 

The  number  s  is  the  best  possible  constant  for  r  and  a.  Moreover,  q 

p.q 

must  be  greater  than  1.  This  is  obvious  in  case  of  a  Bernoulli  random  variable 


because,  for  t  >  0, 


E  1 1  +  to  (9 


i  1  if  qU 


>  1  if  q  >  1. 


In  case  of  a  Gaussian  random  variable  7  we  have,  for  0  <  q  <  1  <  p  and  |t|  <  1, 
E 1 1  +  t7  |9  <  1  +  q(q-l)/2  Et2I  {  1 7  |  i  1}  +  const  e  , 

E 1 1  +  t7  ( p  >  1  +  p(p-l  )/2  E72I{M  $  l}t2. 

The  latter  inequalities  are  due  to  S.  Kwapien. 

An  a-stable  symmetric  random  variable  is  hypercon tractive  in  an  arbitrary 
normed  space  ifl<q<p<a<2  (Krakowiak  and  Szulga  [6]).  Although  this  is 
an  attribute  of  a  more  general  class  of  probability  distributions  ( ibidem ) 
integrabi 1 i ty  and  limitation  to  parameters  q  >  1  seemed  like  the  prerequisite 
condi tions . 

We  show  in  this  paper  that  a-stable  symmetric  random  variables  are 
hypercontractive  for  all  a, p.q.  with  0<q<p<a<2,  in  any  normed  space 


2.  Properties  of  hypercontractive  random  variables 

For  a  p  >  0  and  a  Banach  space  X  we  denote  by  E^(X)  the  Banach  (Fr£chet, 

if  p  <  1)  space  of  X-valued  random  variables  0  such  that  | | Q | | ^  =  (E | |0 | |P) 

k 

<  00 .  A  function  F=F,  :  N  -»  X,  k  >  1,  is  called  tetrahedral  if  F  vanishes 

k 

outside  the  "tetrahedron"  =  {i.^  =  (i^ . i^):  1  <  ij  <  ...  <  i^}.  We 

define  a  homogeneous  polynomial  of  degree  k  on  by 

<[v  (iV  = ,  v<ik>  \  •  V  1 '  (ti>  ‘ 

lkdDk  1  k 


(by  convention,  Fq  £  X) 


The  class  of  hypercontractive  random  variables  is  closed  under  certain 


1 '  .  -  .  -  ..  *-  v--.v  .v.",  l  -  .•  .  v,»  A  AAA 


ivi’ 


am 


algebraic  operations  and  under  weak  limits  of  its  distributions.  The  latter 
statement  follows  immediately  from  the  definition  of  weak  convergence  of 
probability  measures  (see  also  proof  of  Proposition  2.2  in  [6]  for  more 
details).  The  precise  meaning  of  the  first  statement  is  contained  in  the 
following  result  (Krakowiak  and  Szulga  [6]): 

Theorem  2.1.  Let  0  <  q  ^  p  <  ®,  0=  (0^)  be  a  sequence  of  independent 
p-integrable  random  variables,  and  Fq,...,F^  be  finitely  supported  tetrahedral 
functions  with  ualues  in  X.  If  0^  e  HC(p.q,X;s,)  for  each  j=l,2,...  then 

(2.1)  ||  I  <F  •  ( s0)k> | |  <  ||  2  <F  ;(0)k>|| 

k-1  K  p  k=l  K  q 

inhere  s0  =  ( s  .  0 . ) . 

In  other  words,  the  hype r con t r ac t i vi ty  is  a  hereditary  feature  under  forming 
polynomials  of  several  variables  (not  necessarily  homogeneous).  In  particular, 
using  linear  forms,  we  obtain  immediately  the  following  statements: 

OOROLLARY  2.2  If  ( 0 ^ )  is  a  sequence  of  l.i.d.  random  variables  and  each  0.  e 

HC(p.q,X;s)  then  the  space  of  all  linear  combinations  of  0^'s  with  X-ualued 

coefficients  consists  of  hypercontrac t ive  random  variables,  i.e. 

{I  x.0.:  (x.)  e  XN)  e  HC(p,q.X;s). 
i  1  1  1 

COROLLARY  2.3  If  0  e  HC(p,q.X;s)  and  0  belongs  to  the  domain  of  normal 
attraction  of  a  random  variable  f  then  f  t  HC(p,q,X;s). 

Therefore,  by  the  central  limit  theorem  argument,  we  obtain  the  following 
coro 1 lary 

COROLLARY  2.4  (observed  by  Dr.  Rama-Mur thy ) .  If  0  t  HC(p,q,X;s)  for  some  s  ^  0 
and  E0^  <  00  then  q  >  1 . 

Notice  that  if  0  is  a  hypercontrac live  random  variable  then  necessarily 
|s|  <  1  and  E | | x  +  y0||q  2  1- 
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o 


By  homogeneity  of  the  norms  appearing  in  the  definition  of 


hyper con tractivity  it  suffices  to  consider  only  vectors  x  with  ||x||  =  1. 


Except  a  limited  set  of  random  variables,  we  may  also  assume  that  ||y||  <  1; 


the  precise  meaning  of  this  remark  is  explained  below. 


LEMMA  2.5  Suppose  that 


inf {E | |x  +  y0||q;  ||x||  =  1.  ||y||  *  1}  >  1 
and  (1.2)  is  satisfied  for  all  y  with  |  |y  |  |  <,  1.  Then  0  e  HC(p,q,X;s)  for  some 


s  /  0. 


PROOF.  Assume  that  | |x| |  =  1.  Let  t  =  |  |y|  |  >  1  and  q  >  0.  Since 

lim  ( | |x  +  y9 | I  -  l)/t  =  | | 0 | I 


there  is  a  positive  constant  c  such  that 


l  +  t0||q  >  1  +  ct  I  1 0  I  |q* 


Let  r  =  min(l.p).  We  solve  the  following  inequality  with  respect  to  s, 


uniformly  for  t  >  1 


(2.2)  ||x  +  sy0||p/||x  +  y0 1  |q  i  (l+srtt||0||p1/r/(l+ct||0||q)  <  1. 


Define  s ^  by 


»!  =  inf  {(1  +  ct||0||q)r  -  l)1/r/(t||0||p) 

=  ((i  ♦  c | |0 | | )r  -  i)1/r||e|lp  >  o 


and  check  that  all  s,  |s|  i  s^,  satisfy  (2.2),  which  completes  the  proof. 


LEMMA  2.6.  For  any  normed.  space  X,  any  q  <  1  and  a  symmetric  random  uariable  0 


e  Lm  we  have 


(2.3)  6q(t)  =  inf (E | |x  +  y0||q:  |[x||  =  1 


=  t)  =  E | l+t0 |q . 


PROOF.  The  inequality  "i"  is  obvious. 


Let  x,y  e  X  with  |  |x| |  =  |  |y|  |  =  1  and  x  and  y  be  functionals  on  X  with 


MM  MM 

norm  1  such  that  <x  ,x>  =  <y  ,y>  =  1.  Put  a  =  <x  ,y>  and  b  =  <y  ,x>.  Then 


6q(  t )  l  inf  (Emax(|l  +  a0|q,  |b  +  0|q:  0^1.  |b  |  <  1  > 


'''/.v.v'.-.v.v.v,/'/;.-.  s' vV-V-V 

v>.-  .v  t.v.  t.  «. 
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Since,  for  a  Bernoulli  random  variable  a  independent  of  0. 

E||x  +  y0 | |q  =  E0ECTi|x  +  o|0|y||q. 

it  is  enough  to  prove  that  for  every  t  >  0 

inf  {E  max(  1 1  +  acrt  |q,  |b  +  crt|q):  0<a<l,  |  b  |  <  1 }  >  E  1 1  +  tcr|q. 

Observe  that,  for  t  ^  1  and  0  i  a  <  1. 

E | 1  +  ata|q  >  E | 1  +  to|q  >  inf  E[b  +  ta|q. 

|b|<l 


Therefore,  for  t  <  1. 


inf  inf  E  max(|l  +  atcr|q,  |b  +  tcrjq) 
a  b 

>  inf  inf  max(E)l  +  atcr|q,  E|b  +  tcr|q) 

a  b 

>  max  (inf  E  J 1  +  ato|q.  inf  E | b  +  tcx|q) 

a  b 

>  max  (E | 1  +  to|q.  inf  E|b  +  to|q) 

b 

=  E 1 1  +  to  |q . 


Finally,  for  t  >  1 .  we  have 


inf  E | 1  +  ato |q  =  2q  ^ . 


Also,  for  a  fixed  t  >  1,  the  function  b  -»  E 1 1  +  ob|q  is  decreasing  for 


b  t  [0, 1] ,  hence 


inf  E|b  +  ta|q  >  E|l  +  to|q  >  qq  1 .  □ 

b 


REMARK.  In  the  case  q  >  1  the  quantity  6^(t),  defined  in  (2.3),  depends 
essentially  on  the  geometry  of  the  normed  space  X  (cf.  e.g.  [14]). 

If  a  random  variable  9  is  integrable  and  q  >  1  then  the  necessary  and 
sufficient  condition  for  hypercontractivi ty  of  9  is  the  finiteness  of  the 


f  unc  t ion 


(2.4) 


where 


V(s)  =  sup  f  (st)/((l  +  f  (t)  +  p(t))p/q  -  1) 


fp(t)  =  E|t0|p  I {  1 19  |  >  2), 

»i(t)  =  inf  { E  |  |  x  +  t  9y  I  I2  -  1)I{  1 10|  i  2):  |  |x  |  |=  |  |y  |  |  =  1 } 


S  S  V 


(Krakowiak  and  Szulga  [6]).  Note  that  p(t)  may  be  replaced  by  any  function 
p'(t)  with  the  same  asymptotic  behavior  at  0.  For  example,  if  X  is  a  Hilbert 


space  then  one  may  choose 


n*(t)  =  E|t0|2I{ I te I  <  2} 


This  criterion  enables  us  to  give  an  example  of  a  non-hyper con tractive 
random  variable  for  certain  parameters  p  and  q,  1  <  q  <  p  <  2. 


EXAMPLE.  Let  0  be  a  symmetric  random  variable  such  that 

N(x)  =  P( | 0 |  >  x)  =  x  a  (logx)C,  x  >  e, 

where  a  >  1  and  c  >  1.  Writing  f(t)  ~  g(t)  whenever  lim  f(t)/g(t)  =  a  , 

t-O  c 

0  <  | c |  <  <»,  we  derive  the  following  asymptotic  behavior  of  f  and  n  by  a 


routine  computation 


N( 1/t) 


if  p  <  a. 


f  ( t)  ~  < 

P  N( 1/t) log( 1/t)  if  p  =  a, 


n( 1/t)  if  a  <  2, 

P(t)  ~  2 

t  if  a  l  2. 

> 

Therefore  V(s)  =  00  for  any  s  /  0  and  for  all  p,q  such  that  1  <q<p=a<2. 

In  other  words,  for  these  parameters, 

0  €  HC(p, q, R; s)  . 

Unfortunately,  the  use  of  the  criterion  (2.4)  is  restricted  to  integrable 
random  variables  and  to  moments  p,q  >  1. 

In  the  following  sections  a  straightforward  computation  proves  the 
hypercontractivi ty  of  all  a-stable  symmetric  random  variables,  0  <  a  <  2,  in  an 
arbitrary  normed  space,  and,  a  fortiori,  of  all  random  variables  whose 
distributions  are  weak  limits  of  random  a-stable  multilinear  forms  (cf. 
discussion  at  the  beginning  of  this  section). 


3.  Hypercontract ivity  on  the  real  line 


Let  f  be  a  symmetric  a-stable  random  variable.  The  aim  of  this  section  is 
to  evaluate  the  absolute  moment  of  the  transformed  a-stable  random  variable 
x  +  yf.  The  exact  integral  formula 

E|x  +  y?|P  =  2T(  l+p)sin(7rp/2)  /^(l-cos  v  exp(- jvy  |a)  )v  P  ^dv 
(cf.  e.g.  Zolotarev  [15],  p.  63)  is  too  complex  for  our  purposes,  so  we  prefer 
to  switch  from  f  to  an  appropriate  random  variable  from  its  domain  of  normal 
attraction. 


THEOREM  3.1  Let  0  <  q  <  p  <  a.  Then  every  a-stable  symmetric  random  variable 
f  e  HC(p,q,lR;s)  for  some  s  =  s(p,q,a)  >  0. 


PROOF.  By  virtue  of  Corollary  2.3  it  is  enough  to  prove  that  9  e  HC(p,q,lR;s) 
for  some  s  >  0,  where  0  is  the  random  variable  belonging  to  the  domain  of 
normal  attraction  of  f  with  the  density 


(3.1) 


f(x)  =  \ 


a/2  j  x | 


-l-o 


if  x  <  1, 


if  x  >  1, 


Since  L^-norms  are  homogeneous  and  9  is  symmetric,  it  suffices  to  evaluate 
the  function  t  -»  E 1 1  +  t0|p,  t  >  0.  Define 


4>p(u)  =  (  |l  +  u|P  +  |l  -  u|p)/2. 


We  check  that 


(3.2) 


where 


E  1 1  +  1 0  | P  =  ata  i't'J)p(u)u  *  a  du 
=  1  +  ata  Jt(*  (u)  -  l)u  *  a  du 


gp  a(D  =  ata^0^1_<f>p^U^U  1  0  du’ 

a  =  (u)  -  l)u  1  °  du 

p.a  0V  pv  '  ' 

=  ^ (♦„(«)  -  Du'1-  +  (<f>p(u)u_P  -  1  )u_1+a}du 
=  p/(a  -  P)(l  -  Mp.a))  • 

The  two-parameter  function  h  is  given  by  the  formula 


h(p,a)  =  a(a  -  p)/p  XQ (l-4»p(u))(u  +  u  ^  )du. 

We  claim  that  h(p,a)  <  1  for  0<p<a.  If  p  >  1  then  h(p,a)  <  0  because 
<J>p(u)  >  1  for  p  >  1  and  u  <  1;  if  p=l  then  h(p,a)  =  0  because  #j(u)  =  0  for 
u  <  1. 

For  the  remaining  p's,  observe  that  the  function  p  -»  h(p,a)  is  decreasing 

on  the  interval  (0,min(l.a))  and 

lim  h(p,a)  =  1  -  (crrr/2)cotan  (arrr/2) . 
p-O 

Indeed,  integrating  the  series 

CO 

1  -  *  (u)  =  -  2  (?k)u2k.  0  *  u  <  l’ 

p  k=l 

term  by  term,  we  obtain  the  following  representation  of  the  function  h 

CO 

h(p.a)  =  a(a-p)  2  ( 1-p) . . . (2k-l-p) ( (2k-a)_1  +  (2k+a-p)-1/(2k) ! . 
k=l 

A  routine  calculation  shows  that  p  -*  h(p.a)  is  a  decreasing  function  if  0  <  p  < 
min( 1 ,a)  and  that 

00 

lim  h(p.a)  =  2  2a2/(4k2-a^)  =  1  -  (cnr/2)cotEm(cnr/2)  <  1 

p-O  k=l 

(cf.  e.g.  Gradshteyn  and  Ryzhik  [3]). 

From  the  latter  statement  and  from  (3.2)  we  infer  immediately  that 
(3.3)  E | 1  +  t0|p  >  1  for  all  t  >  0. 


Moreover , 
(3.4) 


lim  g  (t)/t  =  p(p-2)a/(4-2 a) 


t-O 


P.a 


Therefore  there  are  positive  constants  a  =  a  and  b  =  b  such  that  for  all 

p.a  p.a 

t , 0  <  t  <  1 ,  we  have 

(3.5)  1  +  ata  <  E 1 1  +  t0|P  <  1  +  bta. 

The  latter  estimate  yields  the  inequality 

| ji  +  ste|  |p  $  ||i  +  te||q 

df 

valid  for  all  t.O  <  t  <  1,  emd  all  s.  |s|  <  s^  =  (b/a)  a. 

We  complete  the  proof  by  choosing  s  =  min(sQ.Sj),  where  s^  appears  in 


Lemma  (2.5). 
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In  the  following  section  we  extend  the  above  result  to  an  arbitrary  normed 
space . 

4.  Hypercontract ivi ty  in  normed  spaces. 

The  proof  of  the  main  result  is  based  on  some  elementary  inequal itis. 


LEMMA  4.1.  Let  c  >  0  and  p  >  0.  Define 


Then 


f  (v)  =  1(1  +  V)P  -  pv | .  -1  <  V  <  c. 


f 

p 


(t) 


and  there  are  constants  d  ,D 

P  P 


(l+v)P-l-pv  if  p  >  1, 

pv  -  (1  +  v)P  +  1  if  p  <  1, 

>  0  such  that  for  all  v,  -1  <  v  <  c, 

d  <  f  (v)/v2  <  D  . 

'  Pv  ’  ~  P 


We  omit  the  routine  proof. 


For  fixed  x,y  e  X.  ||x||  =  1,  ||y||  <  c  and  a  symmetric  random  variable  q 

we  define  a  stochastic  process  V(s).  s  e  [0,1], 

V(s)  =  |  |x  +  STjy|  |  -  1 

with  values  in  [-l,c]. 


LEMMA  4.2  For  a  symmetric  integrable  random  variable  q  the  following 
contractions  hold  true 


(4.1)  V(s)  <  s  V( 1 ) ; 

(4.2)  EV^s)  $  s2  EV2 ( 1 )  +  4s  EV(1). 

PROOF.  (4.1)  follows  from  the  convexity  of  the  norm.  Since 

E  |  |x  +  sqy  |  |2  =  E||s(x  +  qy)  +  ( 1-s  )x  |  | 2 
<  E(s | |x  +  qy | |  +  1-s)2 
=  E(sV( 1 )  +  l)2 
=  s2EV2(l)  +  2sEV( 1 )  +  1, 


amd 


E|  ]x  +  ST7y  I  I  =  E|  |x  -  STjy  I  I 

=  E|  j(l+s)x  -  s ( x  +  r?y)  |  | 

>  (1+s)  -  sE  |  |x  +  T]y  |  ( 

=  1  -  sEV(l) 

then 

EV2(s)  =  E(  |  |x  +  srjy  j  | 2  -  2||x  +  stty  |  |  +  1) 

<  (s^V^l)  +  2sEV(  1 )  +  1)  -  (2  -  2sEV(  1 ) )  +  1 
=  s^V^l)  +  4s  EV(1).  □ 

LEMMA  4.3  For  every  a  >  c, 

(4.3)  (a  -  l)q  >  1  +  ((c  -  l)q  -  l)/cq  aq 
if  c  >  2,  and 

(4.4)  (1  +  a)P  <  1  +  (1  +  £)(P~1}  aP. 

PROOF.  Omitted.  D 

LEMMA  4.4  There  exists  a  constant  c  >  2  such  that  for  every  x.y  £  X,  with  | ]x| | 
=  1  and  | |y | |  =  t  <  1 , 

E(||x  +  ey 1 |q  -  l ) l { i  te  |  <  c)  >  kcta. 

PROOF.  From  Lemma  2.2  and  Theorem  3.1  we  infer  that 

E( | | x  +  0y||q  -  1)1{ | t0 |  <  c) 

>  E( |1  +  0t|q  -  1 ) 1 {  1 10  |  <  c) 

=  ata  /^(E^jl  +  cm|q  -  1)  u  a  1  du 

>  at“  /q(Ect|1  +  cru|q  -  1)  u  a  1  du 

=  k  ta.  0 

c 

LEMMA  4.5.  Let  8  have  the  density  (3.1).  Then 

E  1 10 | 2  1 {  1 10 1  <  c)  1  a  c2_a/(2-a)ta; 

E 1 10 | p  1 {  1 10 1  >  c)  =  acp  a/(a-p)ta. 

PROOF.  Omitted.  O 


'.V 


Now  we  extend  the  main  result  of  the  previous  section  to  an  arbitrary 


normed  space. 

THEOREM  4.5.  For  every  p.q.O  <q<p<a<2,  there  is  s  >  0  such  that  every 
symmetric  a-stable  random  variable  f  e  HC(p,q,X;s),  where  X  is  an  arbitrary 
normed  space . 


PROOF.  It  suffices  to  show  that  the  random  variable  0  with  density  (3.1)  (see 
the  proof  of  Theorem  3.1)  is  hypercontract ive.  We  may  and  do  assume  that  q  < 
and  x,y  e  X  with  ||x||  =  1,  ||y||  =  t  <  1. 

We  set  up  directly  a  convenient  decomposition 

E j |x  +  s0y | |P  = 

1  +  E(  | |x  +  s0y|  |P  -  1 ) 1 { 1 10  |  <  c)  +  E( | |x  +  s0y| |P  -  1 ) 1 {  1 10  |  >  c) 

=  1  +  A  (t)  +  B  (t) , 

Pv  P 

where  c  results  from  Lemma  4.4. 


In  order  to  find  the  needed  upper  estimate  of  Ap(t)  we  apply  Lemma  4.1, 
using  notation  and  contractions  from  Lemma  4.2  with  17  =  a01{|t0|  <  c),  as 


fol lows 

Ap( t)  =  E( 1  +  V(s))P  -  1 

=  E(pV(s)  +  sgn(p-l)  fp(V(s)) 

<  ps  EV(1)  +  (p-1 )+Dp  EV2(s) 

<  ps  EV(1)  +  (p-l)+Dp(s2EV2(l)  +  4sEV( 1 ) ) 
=  s(p  +  4(p-l )+)EV( 1 )  +  (p-l)+Dps2EV2(l) 

=  s(p  +  4(p-l)+)/q  (E( 1  +  V(l))q  -  1  +  fq(V(l))  +  (p-l)+  Dps2EV2( 1 ) 

<  s(p  +  4(p-l)+)/q  (E( 1  +V( 1 ) )q  -  1)  +  s  Kp  qEV2(l) 

<skp  q  E(||x  +  0y  |  |q  -  1)1{  1 10  |  <  c)  t-  sKp  q  E 1 10  |21  (|t0|  <  c). 

where  k  and  K  are  suitable  positive  constants. 

p.q  p.q 

By  Lemma  4.3  and  4.5  there  exists  a  constant  L  such  that 

p.q 

Bp(  t)  1  sp  Lp  q  E(  (  |x  +  0yj|q  "  UM  ( t0  (  >  c). 

K  E 1 1 0 | 2 1 { 1 10 |  ^  c)  i  Lp  q  E(||x  +  0y||q  -  1)1{ 1 10 1  >  c). 


We  complete  the  proof  by  selecting  a  number  s  such  that 

smin(p, i )  <  p/(2q). 

p.q  " 

This  yields  the  concluding  inequality 

(E||x  +  s0y | jp) 1/p  <  (1  +  p/q  (E| |x  +  0y ||q 
<  E|jx  +  0y||q)1/q- 


COROLLARY  4.6.  Let  M  be  a  symmetric  a-stable  measure,  0  <  a  <  2  independently 
scattered  on  the  interval  [O.T],  and  let  f^,  be  function  on  [0,T}^  with  ualues 
in  a  Banach  space  X,  integrable  with  respect  to  the  product  random  measures 
j=l . n  (as  defined  in  [7]).  Put 


(4.5) 


0=1/  .  f  dMJ. 

j=l  [O.T]J  J 


Then  Q  is  a  hyper con  tractive  random  variable  in  X  with  parameters 

p.q  (q  <  p  <  a)  and  sn,  where  s  =  s(p.q,a)  appears  in  Theorem  4.5.  Note  that 

an  a-stable  polynomial 

0  =  s  2  a  (k  . k  )f  ...f 

J=1  k, . kj  ■>  J  kl  kj 

is  a  special  case  of  (4.5). 


•V  ■*-  :■ 
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